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Abstract

In this paper, we propose a novel ML decoding algorithm – the In-place Algorithm in conjunction with a Product

Packetisation method for the congested Internet Network modeled as a Binary Erasure Channel (BEC). Any code

can be used with this algorithm and we give results for cyclic codes constructed from BCH codes. Existing codes and

decoding algorithms are compared in terms of performance and decoding complexity. It is shown that a significant

performance improvement can be achieved. In general, ML decoding on the Erasure channel has a complexity of

O(N3) or O(N2) depending on the algorithm. It is shown that this complexity can be reduced to O(N 1.5) for the

network channel by using the product packetisation method. With an analysis in performance, ratelessness can be

achieved by acks.

1 Introduction

Network transmission is based on packet transmission.

Multicast and broadcast are typical examples of packet-

based communications. One simple way to get around

packet loss is to employ a protocol in which receiving

parties acknowledge received packets. This solution

requires multiple rounds of communications which is

inappropriate for many situations, especially in multi-

casting and broadcasting. In those cases, we must limit

the amount of feedback to the senders and the number

of redundant packets sent to receivers. Erasure codes

rely on error correcting principle which can recover

the lost packets at the receiver without the need for

retransmission.

A model for the Internet transmission is the Binary

Erasure Channel (BEC). This channel was introduced

by Elias [2] in 1955. A packet is lost due to the network

congestion with probability p, and then the BEC has the

capacity 1 − p. Elias proved that there exist codes of

rate R for any R < 1− p that can be used to transmit

over channels of capacity 1−p. For an erasure channel

a rate R code encodes a message of size K into a

transmission of K/R = N , so that the original message

can be recovered from erased positions of the N bit

message.

In a milestone paper, Luby et. al. [3] proposed the

first realization of a class of erasure codes – LT codes,

which are termed rateless and are generated on the fly

as needed. In [4], Shokrollahi introduced the idea of

Raptor codes which adds an outer code to LT codes.

Raptor codes have been established in order to solve

the error floors exhibited by the LT codes.

In this paper we consider stand alone BCH codes

instead of LT codes, as they do not show an error

floor. Low-density parity-check (LDPC) codes have

been studied [1] to [9] for application to the BEC. Gal-

lager’s soft-decoding algorithm [10], was implemented

[1] for LDPC codes over the BEC. Capacity-achieving

degree distribution codes for the binary erasure channel

have been introduced in [1], [7] and [8]. Finite-length

analysis was used to find better LDPC codes for the

BEC [9]. For ML decoding on the BEC, three families

of algorithms have been proposed: structured Gaussian

elimination [12], whose computational complexity is

O(N3) , the conjugate gradient and Lanczos algorithms

[12] and [13], both of which require about O(N 2)
operations, and the Wiedemann [14] algorithm with

O(N2). The Lanczos algorithm incorporating struc-

tured Gaussian elimination was proposed in [15].

The paper is organized as follows. Starting with a

superposition of the erased bits on the parity-check

matrix in section 2.1, we review the performance of the

iterative decoding algorithms, for the BEC, in section

2.2, principally the Recovery Algorithm and the Guess

Algorithm and an improved algorithm [6]– the Multi-

Guess Algorithm. In section 2.3, we also describe a

Maximum Likelihood decoding algorithm, the In-place

Algorithm, which is based upon the Gaussian Elimina-

tion Algorithm [12]. In section 3, we propose a new

packetisation format – A Product Packetisation, which

provides the basis for a more efficient and quicker de-

coder. Using the In-place algorithm, the computational

complexity is O(N1.5). The conclusions are given in



section 5.

2 Preliminaries

2.1 Matrix Representation of erased bits

We use the parity check matrix H to represent the

code. Considering an (N, K) binary linear block code,

we denote a codeword as x = {x1, x2, . . . , xN}.
After being transmitted over the erasure channel with

erasure probability ε, the received vector can be divided

into a transmitted sub-sequence and an erased sub-

sequence, denoted as y = {y1, y2, . . . , yLε̄
} and yε =

{yε1, yε2, . . . , yεLε
} respectively, where Lε̄ + Lε = N .

Corresponding to the parity check matrix of the code,

we can generate an erasure matrix Mε (Lε×N ) which

contains the positions of the erased bits in H . Then

we denote the set of erased bits i that participate in

each parity check row by Eh
i = {j : Mε(ij) = 1}

with h standing for “horizontal” and the number of

erased bits in Eh
i is denoted by |Eh

i |. Similarly we

define the set of checks in which bit j participates,

Ev
j = {i : Mε(ij) = 1} with v standing for “vertical”,

and the number of erased bits in Ev
j is denoted by

|Ev
j |. Let Eh = {Eh

i | i ∈ {1, 2, . . . , Lε}} and Ev =
{Ev

j | j ∈ {1, 2, . . . , N}}. The matrix representation is

shown in Fig. 1, where an “x” represents an erasure.
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Fig. 1. A matrix representation (Mε) of the erased bits

2.2 Review of Iterative Decoding Algo-

rithms

In [1], the Recovery Algorithm is described, which is

also called message-passing algorithm, and is equiva-

lent to Gallager’s soft-decoding algorithm, an iterative

decoding algorithm. The decoding complexity can be

shown to be O(N2). The algorithm is briefly outlined

below:

Recovery Algorithm

Step 1 Generate the Mε and obtain the Eh.

Step 2 For i ∈ {1, 2, . . . , Lε}, if |Eh
i | = 1, we replace

the value in the bit position i with the XOR of

the unerased bits in that check equation. Then

we remove the erasure from the erasure matrix.

Step 3 Continue from step 2 until all the erased bits

are solved or the decoding cannot continue

further.

If there exists erasures in stopping sets, the Recovery

Algorithm stalls. In this case, an algorithm [11] with the

term Guess Algorithm is applied by performing several

“guesses” of the unsolved erased bits, which is similar

to the Maxwell decoder [19] which works as a message

passing decoder.

Guess Algorithm

Step 1 Run the decoder with Recovery Algorithm un-

til it fails due to stopping set(s).

Step 2 In order to break the stopping set, when |Eh
i | =

2, we guess one of the erased symbols and

update the erasure matrix Mε and Eh.

Step 3 Continue from step 1 until all the erased sym-

bols are solved or the decoding cannot continue

further. If the decoder cannot continue, declare

a decoder failure and exit.

Step 4 Create a list of 2g solutions, where g is the

number of guesses made. From the list coutk
,

k ∈ {1, 2, . . . , 2g}, pick the one that satisfies

HcT
outk

= 0.

Obviously, compared to the Recovery Algorithm, the

complexity of this algorithm increases with g. Usually,

we limit the number of guesses to a small number gs. If

after gs guesses, the decoding still cannot be finished,

a decoding failure is declared.

In [6], we proposed an improved iterative decoding

algorithm, which is called “Multi-Guess Algorithm”.

For sparse codes, the Multi- Guess Algorithm can

approach optimal performance with significant im-

provements. Consider the computational complexity,

we calculate the minimum number of guesses, denoted

by min(g) before the decoding. The calculation lemma

was given in [6]. For the Multi-Guess Algorithm, a

whole row is guessed. A crucial row c is defined as

follows:

1) c ∈ ωδ, where ωδ is the set of all equations with

|Eh
i | = δ where i ∈ {1, 2, . . . , Lε}, and δ =

number of unknown positions.

2)
∑

j∈Eh
c

|Ev
j | is maximized over c in ωδ

The Multi-Guess Algorithm is given below:

Multi-Guess Algorithm

Step 1 Run the decoder with Guess Algorithm until

|Eh
i | > 2 for i = 1, . . . , Lε.

Step 2 Evaluate the value of min(g). If min(g) > gs,

the decoding declares a failure and exits.

Step 3 Group the rows as ωδ.

Step 4 Find the row which is on the basis of the

highest value of |Ev
j | with the value of |Eh

j | =
δ and guess all erased bits in that row. (There

will be at most 2δ−1 guesses.)

Step 5 Guess one bit p with |Ev
p | = 1 in each of the

independent rows.

Step 6 Update Mε, Eh and Ev. Continue the decoding



from step 3 to step 5 until all the erased bits are

solved or the decoding cannot continue further.

Obviously, the decoding complexity can grow expo-

nentially with the number of guesses. In practice, im-

proved performance is achieved with O(N 2) complex-

ity. With higher complexity, there is a better tradeoff

with respect to performance by using the ML decoding

algorithm.

2.3 Optimal ML Decoding Algorithm

Let x′ denote the received vector, where x′ = y
⋃

yε.

We now devise a reduced complexity algorithm to

decode the erased bits by solving the equation 1 using

the Gaussian Reduction method [12].

Hx′T = 0. (1)

According to [9], optimal decoding is equivalent to

solving the linear system, shown in equation (1). If

the equation (1) has a unique solution, an optimal

algorithm is possible. Gaussian Reduction algorithm

is considered as an optimal algorithm over the BEC,

but has a complexity of O(N 3). We propose a reduced

complexity Gaussian Reduction algorithm – In-place

Algorithm [5] by eliminating the column-permutations

required. This algorithm is stated as follows:

In-place Algorithm

Step 1 The codeword is received and yε are substi-

tuted in positions of erased bits in H . Starting

with one of the erased symbols, yεs
, the first

equation containing this symbol is flagged that

it will be used for the solution of yεs
. This

equation is subtracted from all other equations

containing yεs
and not yet flagged to produce

a new set of equations. The procedure repeats

until either non flagged equations remain con-

taining yεs
(in which case a decoder failure is

declared) or no erased symbols remain that are

not in flagged equations.

Step 2 Let yεlast
be the erased symbols at the last

flagged equations. In the latter case, starting

with yεlast
this equation is solved to find ylast

and this equation is unflagged. This coefficient

is substituted back into the remaining flagged

equations containing ylast. The procedure now

repeats with the second from last flagged equa-

tion now being solved for yεlast−1
. This equation

is unflagged and followed by back substitution

of ylast−1 for yεlast−1
in the remaining flagged

equations.

Compared with the Gaussian Elimination Algorithm,

the In-place Algorithm complexity remains O(N 3),
but the multiplicative constant is significantly reduced.

The memory required for storing swapped positions is

eliminated by only performing flag and addition, which

means we do not have to convert the Mε matrix to

a leading diagonal matrix. The least complexity ML

algorithm [18] which requires O(N 2.376) in complexity

is not guaranteed to produce a solution and incurs

considerable overheads in implementation.

3 Product Packetisation

In this section, we describe a product packetisation

structure. In a traditional way, files sent over the Inter-

net are partitioned into packets, as in the applications

of LT codes and Raptor codes. Each packet is either

received without error or not in which case it is erased.

Standard file-transfer protocols simply partition a file

into n packets, then repeatedly transmit each packet

until all of the packets have been received.

The term Product Packetisation is used to describe

the arranging of the encoded bits in a format similar

to a product code. The encoded bits are written into

n columns and read out in rows for transmission, as

illustrated in Fig. 2. With this packetisation structure,

short, powerful algebraic codes can be used for Internet

transmission.
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Fig. 2. A Product Packetisation Structure

We designed the structure as a square matrix of size

n × n = N , where N is the size of the encoded

sequence. Although the structure is flexible, there is

a complexity/performance compromise which depends

on code block size. We have found that, in this case,

choosing a square matrix structure gives a good com-

plexity/performance compromise. In Fig. 3, the shad-

owed area represents a packet erasure. In the decoding

process, each column is decoded separately. As the

erasures are in the same positions, for all codewords

, the In-place Algorithm has to be applied only to the

first column. For each of the other n − 1 columns,

the same erasure correcting equations are used, but

with the coordinates provided by that column. This

reduces the complexity of the ML decoder to O(n3) =
O(N3/2) since n

.
=
√

N . This coding scheme can be

made rateless by acknowledging successful decoding

once enough packets have been received. Due to the

powerful error correction codes used, not all the packets

are necessary for successful decoding. Compared with

fountain codes using the message-passing algorithm
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Fig. 3. An example of received packets

with complexity O(N 2), the new algorithm is not only

able to correct more erasures but is also faster and more

efficient.

4 Simulation Results

We have evaluated the performance of LT codes and

cyclic codes for N = 225 and N = 3969. For N =
225, the LT code with the recovery decoder produces

very poor performance. In this case, we have used the

ML decoder. The LT code (225, 105) was divided into

15 packets with the packet-size of 15 bits and the

cyclic code (225, 105) was arranged in the product

packetisation format with the same packet-size 1. The

cyclic code is capable of correct decoding up to and

including 4 packets erased. As 1+x15 divides 1+x225,

the decoder for this cyclic code can be implemented

with the reduced complexity decoder. As shown in Fig

4, the performance of the cyclic code (225, 105) is

significantly better than that of the LT (225, 105) code.

When p = 0.1, the result of the cyclic code (225, 105)

is over 2 orders of magnitude better than that of the LT

(225, 105).
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Fig. 4. FER vs the erasure probability of erased packets for the
cyclic code (225, 105) and the LT (225, 105) code over the Erasure
Channel, both using ML decoding

1The cyclic code (225, 105) has a generator polynomial g(x) =
1+x15 +x30 +x60 +x120, which is a replication of the BCH (15,
7, 5) code with g(x) = 1 + x + x2 + x4 + x8.

To verify the decoding complexity calculation, we

implemented a longer code, the cyclic code (3969,

2016) and the LT (3969, 2016) code. The cyclic code2

(3969, 2016) is based upon the generator polynomial of

the BCH (63, 32, 12) code. The simulated performance

is shown in Fig. 5. On a standard 1GHz PC, the

LT (3969, 2016) code took 775ms to encode each

codeword and 141ms to decode each codeword for

p = 0.4 (using the Recovery Decoder). In contrast, the

cyclic code (3969, 2016) took only 5ms to encode each

codeword and 8ms to decode each codeword using the

In-place decoder for p = 0.4 (the decoding time for

this decoder is independent of the value of p).
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Fig. 5. FER vs the erasure probability of erased packets for the
cyclic code (3969, 2016) and the LT (3969, 2016) code over the
Erasure Channel

5 Conclusions

In this paper, we presented a novel coding and decoding

algorithm for packet networks modelled as a Binary

Erasure Channel (BEC). The algorithm combines a

ML decoder with a product packetisation structure. In

the past iterative decoding algorithms, although non-

optimum, have been used as a good tradeoff between

performance and computational complexity. With the

new decoding algorithm, decoding is ML and the

computational complexity is reduced to O(N 1.5). This

is less complexity than the case for iterative decoders.

Also, compared with LT codes, the new decoding

algorithm with algebraic codes achieves a significant

improvement in performance.
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